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ABSTRACT 
Using rotationally covariant approximants developed at Canterbury we examine double power 
series corresponding to functions with singularities of  the form Ix -  x s (y)] -~r,  where Xs(y ) is 
linear in y. Our interest is in 
(i) the capacity of  these approximants to reproduce the locus of  singularities and exponents of  
these functions, and 
(ii) the accuracy of  this analysis compared with that using approximants which are covariant 
under relative scale changes, but not under otations. 
1. INTRODUCTION 
Over the past few years various generalizations f Pad~ 
approximants o double power series have been sug- 
gested. The definition originating from work by 
Chisholm (1973) and extended by tile Canterbury 
group have many of the properties of Pad~ approxi- 
mants (for references see for example Graves-Morris 
and Roberts 1975b). However, there is an arbitrariness 
in the definition of the diagonal and simple off-diagonal 
two variable approximants (PETCH, SCINCH) (Graves- 
Morris and Hughes Jones 1976, Chisholm and Hughes 
Jones 1975). This arbitrariness may be removed by con- 
sidering approximants o the series in (x + iy, x - iy) 
instead of(x, y), which yields approximants covariant 
under rotations (Chisholm and Roberts 1976). 
There are three reasons for investigating these approxi- 
mants :
(i) Uniqueness in the choice of weights : it turns 
out that, in order to obtain a real approximant 
from a real series the weights are identical for 
PETCH and SCINCH (Chisholm and Roberts 
1976). 
(ii) It has been found that rotations can be useful 
in improving the accuracy of approximants 
(better for singularities close to one of the axes) 
(Roberts, Grifflths and Wood 1975, hereafter 
referred to as A). 
(iii) It is common in critical phenomena to have 
triangular series, i.e. 1 + ~ P~ (y) x ~ (where 
~=1 
PQ is a polynomial of degree ~), for which 
PETCH and SCINCH approximants do n t exist. 
One recourse is to rotate the (x, y) plane (ref. A 
and Wood and Fox 1975) - the series in the rotated 
coordinates (x', y') can then provide approximants. 
Therefore, approximants which are covariant 
under rotations may be preferable for such trian- 
gular series. 
For comparison with the approximants reported in A 
we apply the rotationally covariant approximants o 
the same test functions which are generalizations of
the functions used by Hunter and Baker (1973) in their 
review of Pad~ approximants applied to critical phe- 
nomena series - i.e. we test the ability of the approxi- 
mants to locate the position of singularities and their 
residues, corresponding to critical points and critical 
exponents. The functions are : 
(i) functions with one set of singularities 
-2x + y 
(1 - 2x + y ) -7  + e ( ta)  
eX-2y . (1 - 2x + y ) -7  + , ( lb)  
(fi) functions with two sets ofsingularities 
( l _x_y /2) -3 /2(1-2x-y /5)  -1/2 + e -x-2y (2a) 
-x -2y  ( l -x -  y/5)-3/2(1- x/2-y/2) -5/4 + e (2b) 
-x -2y  (1 -x -y /2) -3 /2(1-2x + y/5) 1/2 + e (2c) 
e-X -2y (1 - x) -3/2 (1 - y/2) -1/2 + (2d) 
For a real series 
f (x, y) = a~fl Ca, flx a yfl 
the simple off-diagonal approximant is of the form 
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M M ~ a x/a yV 
CA (N, M) = //=0 v=0 /av 
N N v 2~ Z b x/'t y 
/~=0 v=0 yv  
whose expansion in terms of x and y agrees with 
f(x, y) to as high an order as possible. Two methods 
are advocated for achieving the correct number of  
equations for unknowns - PETCH (Graves-Morris and 
Hughes Jones 1976, from numerical considerations) 
and SCINCH (Chisholm and Hughes Jones 1975, to 
yield relative scale covariant approximants). 
By rewriting f(x, y) as a power series in z, z- 
(z = x + iy, Y = x - iy) and forming approximants, 
denoted by CR (N, M), to this series, we obtain rota- 
tionally covariant approximants. As mentioned above 
it turns out that the PETCH and SCINCH choices 
coincide for these approximants. Programs are avail- 
able for calculating PETCH and SCINCH approximants 
(Graves-Morris and Roberts 1975a/b). 
The functions we are looking at have singularities of 
the form 
[x - xs(y)]-'r 
for x ,x, Xs(Y ) (Xs(Y) linear in y). As in A we form 
approximants o the series resulting from taking a loga- 
rithmic partial derivative of  the series of  the function 
('7. We again find, (A), that the masking functions 
(i.e. the exponentials) in the test functions can appre- 
ciably affect the accuracy of  the approximants. 
In 2 and 3 we investigate functions with one and two 
singularities respectively. Since the approximants we 
are using are not covariant under a relative scale 
change we look into the effect of such coordinate 
transformations on the accuracy obtained. 
2. FUNCTIONS WITH ONE SET OF SINGULARITIES 
Ix- Xs(y)]-'r 
We studied the approximants CR(N- I ,  N) (I = 0, 1) 
to the functions (la) and (lb) with 7 = 0.1 , 0.5 , 1.5. 
To enable comparison with A we present ables 1 and 
2 of results for the diagonal approximants o the func- 
tions with 7 = 1.5. 
As in A we find that 
(i) there is good convergence, the higher orders giving 
a reasonable representation ver the full range; 
and 
(ii) there is a marked contrast in the convergence of
approximants o the same singular function masked 
by different exponentials, which trend is maintained 
when x is scaled. We point out that the smaller errors 
occur for points closer to the origin (compare Fig. 1. 
with tables 1--4). 
The effect on convergence by scaling 
x [old x = k × new x] can be substantial. In tables 3 and 
i*} In this context see Fisher 1976 for a very interesting defi- 
nition of approximants for dealing with m uhicritical 
thermodynamic behaviour. 
4 we mark by an arrow where r is a minimum and 
note that the error is usually smallest near this 
point (i.e. error in both position of singularity and 
residue). This is to be compared with rotations and 
proximity to axes in A. 
A straight comparison (i.e. without rotation or scale 
change) indicates that there is not a great deal of dif- 
ference between the two approximants - sometimes 
the one being more accurate at one point and for a 
certain order of approximant, at other points and 
orders the other being more accurate. Perhaps the 
approximants in A have a slight edge over the rota- 
tionally covariant ype. 
3. FUNCTIONS WITH TWO SETS OF SINGULAR- 
ITIES [X-Xs(Y)]-7 [X-Xs,(y)]-7" 
As in A we present results for the function (2a). 
Tables 5 and 6 give results for the diagonal approxi- 
mants. Convergence is alright for the first singularity 
for almost the full range, but not so for the second 
in the region [-1.0,  -0 .4 ] .  This reflects the notion 
that errors are larger for points further from the origin 
(compare tables 5 and 6 with Fig. 2). As before, spu- 
rious roots - split and complex roots - are not too un- 
common. 
A relative scale change can affect the accuracy ob- 
tained as did rotations in A. However, it is not as easy 
(for the test functions chosen) to transform the singu- 
larities closer to the origin under a scale change as it is 
to rotate them towards an axis. Again we note that 
errors are at a minimum when singular points are 
closest o the origin. 
The results for both the position and residue of the 
singularity are much the same for both types of ap- 
proximants. As for functions with one singularity the 
approximants used in (A) are, if anything, slightly 
better; for example, the second set of singularities of 
the function (2a) are better epresented by the approx- 
imants of (A), although there is not much difference 
between the approximants applied to functions (2b), 
(2c) and (2d). 
CONCLUSION 
Comparison with the results of  (A) suggest that there 
is not a great deal of  difference between the types of 
approximants used, although those investigated in (A) 
(i.e. equal weights) can be a bit more accurate than 
the rotationally covariant kind. 
As the order of approximant increases the point where 
the smallest error occurs tends towards that which is 
closest o the origin. 
Many series in critical phenomena require treatment 
for approximants o exist (rotation of coordinates for 
example, Wood and Fox 1975). Although type (A) is 
slightly better fbr the- chosen test functions the new 
approximants do nor require treatment of the original 
series and hence may be more appropriate for such series. 
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Fig. 1. Graph of singularities of function (la) with x 
scaled i.e. 
(1 -2Xx+ y)=0 
A cross marks the closest point to the origin. 
The smallest errors in tables 3 and 4 are usual- 
ly clustered around this point. 
Fig. 2. 1 Xs(y )-= 1 - 2x -  ~-y  = 0 
Xs,(y ) --- 1_ x___L1 2 y=0 
Graph of singularities of function 2a. A cross 
denotes the point closest o the origin in each 
case .  
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Table 1. The errors in the estimates of the singularities 
Xs(Y ) for functions (la) and (lb) in units of 
10 -4 obtained from the diagonal approxi- 
mants CR. The value of'y is 3 The distance 7"  
from the origin is a minimum when y = -0.2 
(arrowed). The dashes that appear in tables 
1 to 8 correspond to split or complex roots 
-1.0 
-0.8 
-0.6 
-0.4 
-0.2 
0.0 
0.2 
0.4 
0.6 
0.8 
1.0 
in the approximant. 
CR(5,5) CR (7,7) 
(la) (lb) (la) (lb) 
4 - 3 - 
3 - 2 - 
3 30 2 -7 
3 12 2 1.0 
3 9 4 O.9 
3 8 2 -0.0: 
3 8 2 -6 
3 - 11 2 26.0 
4 -109 3 29.0 
6 -320 3 - 
11 -640 4 1300 
CR (9,9) CR(11,11) 
(la) (lb) (la) (lb) 
2.0  
0.7 -10 
0.2 0.2 
0.1 0.7 
0.09 0.6 
0.1 0.4 
0.2 0.1 
0.7 10.0 
0.2 -- 
2.0 - 
3.0 -510 
0.4 70.0 
0.1 -4 
0.05 0.4 
0.04 0.8 
0.03 0.7 
0.04 0.4 
0.05 0.2 
0.1 1.2 
0.4 
1.0 
2.0 --491 
Table 2. The errors in the estimate of the exponent 7 
corresponding to the CR's in table 1, in units 
of 10 -3 
Ci  (5, 5) 
Y (la) ( lb) 
-1.0 14 - 
--0.8 13 - 
-0.6 13 130 
-0.4 13 90 
-0 .2~ 13 60 
0.0 13 50 
0.2 13 50 
0.4 14 20 
0.6 15 - 90 
O.8 18 -230 
1.0 25 -450 
CR (7, 7) 
( la )  ( lb )  
12 - 
11 - 
10 - 10 
9 20 
-2 14 
9 4 
10 - 60  
12 40 
12 120 
13 - 
14 -200 
CR (9, 9) 
( la)  ( lb )  
9.0 
5.0 -50 
3.0 12 
2.0 14 
1.5 11 
1.7 8 
3.0 4 
6.0 5 
10.0 - 
11.0 - 
12.0 -140 
CR(11, 11): 
( la )  ( lb )  
3.0 -29O 
2.0 - 20 
1.0 10.0 
0.9 10.0 
0.9 10.0 
0.9 8.0 
1.1 4.0 
2.0 6.0 
4.0 - 
7.0 - 
10.0 --60 
Table 3. The errors in the estimates of the singularities Xs(Y ) from CR (9, 9) for functions (la) and (lb) with x 
scaled (old x = X x new x); the errors are in units of 10 -4. 
The arrows indicate where r is a minimum (r is the distance from the origin to the position of the singu- 
larity), the exact value of y being given at he top of each column. 
-1.0 
-0.8 
-0.6 
-0.4 
-0.2 
0.0 
0.2 
0.4 
0.6 
0.8 
1.0 
i 
X=O.1 
y=- i  
(la / (lb) 
0.09 - 6.0 
0.16 -0.2 
1.4 
2.6 
3.4 
5.7 
11.9 
28.0 
67.0 - 
158 
370 
3,=0.5  
y = -0.5 
(1@ (lb) 
0.21 20 
0.11 4 
0.09 2 
0.09 1 
0.1 2 
0.2 5 
0.6 30 
1.2 340 
1.9 
2.3 
2.6 
X= 1.0 
y = -0.2 
( la )  ( lb )  
1.6 
0.7 -8 
0.2 0.2 
0.1 0.7 
-~ 0.09 -* 0.6 
0.1 0.4 
0.2 0.1 
0.7 1.0 
1.6 
2.2 
2.6 
X= 2.0 
y = -0.06 
(la) / lb) 
3.5 
2.7 
2.0 260 
0.6 1 
0.1 0.7 -+  -o.  
0.09 0.4 
0.3 0.7 
1.5 5.0 
2.5 
3.1 
4.3 
%. = 10,0 
y = -0.003 
(la) ( lb / 
7400 - 
3000 
810 
57 
34 1200 
0.09 I~ 0.2 
3.6 390 
61 
860 - 
3000 - 
7700 
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Table 4. The errors in the estimates of 7 in units of 10 -3 for the functions (la) and (lb) corresponding to table 3. 
-1.0 
-0.8 
-0.6 
-0.4 
-0.2 
0.0 
0.2 
0.4 
0.6 
0.8 
1.0 
X=0.1 
y= -1 
(la) (lb) 
-. 1.6 -~75 
2.6 -16 
11.0 
13.0 
15.0 
21.0 
36.0 
71.0 
148.0 
315.0 - 
704.0 
X=0.5 
y = -0.5 
(la) (lb) 
2.4 107 
1.8 49 
1.6 27 . .~  -+ 
1.6 21 
1.8 23 
2.7 44 
5.3 188 
8.7 298 
10.8 
11.8 
12.3 
X= 1.0 
y = -0.2 
(la) (lb) 
9.0 
5.5 -53 
2.5 12 
1.7 14 
_~1.6 ~ 11 
1.7 8 
2.7 4 
5.9 5 
9.7 
11.5 
12.3 -140 
•=2.0  
y = -0.06 
(lb) (la) 
13.0 - 4500 
12.0 - 500 
11.0 190 376 
5.2 25 53 
1.8 12 13 
1.6 7 ~ 1.6 
3.0 11 14 
9.0 4 58 
12.0 - 400 
13.0 - 700 
15.0 - 5000 
k = 10.0 
y = -0.003 
(la) (lb) 
w 
640 
-- 5 
260 
Table 5. Errors in the estimates of the singularities x s (y) ~- 1 - 2x - @ y = 0, and Xs.<y ) _= 1 - x --~- y : 0 of 
function (2a), in units of 10 -4 .  The minimum of r for s occurs at y = + 0.05, and for s" at y = 0.4 
(marked by arrows). 
-1.0 
-0.8 
-0.6 
-0.4 
-0.2 
0.0 
0.2 
0.4 
0.6 
0.8 
1.0 
cR(5, 5) 
xs(y) Xs,(y) 
28 -4000 
-10 -2000 
- 8 -1000 
- 4 - 440 
- 2 - 210 
5 ~ - 130 
60 - 170 
CR (7, 7) 
Xs(Y) x s, (y) 
-160 
- 40 
10 
- 10 
- 3 
- 1 
2 
- 20 
-150 
-700 
CR(9, 9) 
Xs(Y) x s, (y) 
-200 
- 80 
I0 
- 0.05 
400 
80 
60 
130 
410 
-0 .2  
0.1 
1.0 
-10 
-170 
D 
500 
-100 
- 80 
" + -  4 
30 
110 
410 
CR(11, 11) 
Xs(y) Xs,(y) 
60 
- 0 .4  
0.01 180 
- 10  - .+  
- 0 .3  5 
0.4 --~ 10 
- 50 
- 530  
1 and 7" = 4 of the singularities Xs(y ) and x s, (y) in Table 6. Errors in the estimates of the residues 3/= -~- 
table 5, in units of 10 -3 . 
CR(5, 5) CR(7, 7) CR(9, 9) CR (11, 11) 
Y 7 7" 7 7" 3' 7" 3' 7" 
-1.0 
-0.8 
-0.6 
-0.4 
-0.2 
0.0 
0.2 
0.4 
0.6 
0.8 
1.0 
-78 
-60 
-34 
_~-18 
-8  
- 1 
24 
-1200 
- 800 
- 500 
- 300 
- 180 
-~ - 150 
- 200 
- -  m 
-200 
-100 
- 60  
- 30  
17  900 
- 8 160 
- 4 ~ 90 
0.2 130 
28 220 
150 
-280 
-170 
44 
- 14 
8 _.+-- 
- 2 
_ - -+  
1 
31 
2OO 
D 
m 
1000 
40 
-50  
4 
33 
40 
- 70 
- -  m 
_ m 
400 
- 25  
- 9 500 
- 60 ~--+ 
- 5 20 
- 3 -~  16  
- 19  
- -160 
Journal of  Computational nd Applied Mathematics, volume 3, no 4, 1977. 261 
Table 7. Error estimates in units of 10 -4 of roots to the function (2a), Xs(y ), x s, (y) as in 
tables 5 and 6. The value of  y is where the distance from the origin is a minimum 
(also indicated by an arrow) for that particular singularity. 
The approximant used is the diagonal 9/9 and x is scaled by X : old x = X × new x. 
-1.0 
-0.8 
-0.6 
-0.4 
-0.2 
0.0 
0.2 
0.4 
0.6 
0.8 
1.0 
X= 0.5 
Xs(Y) x s" (y) 
y=0.7  y= 1.6 
- 80 
6 
1 
0.7 
0.7 
1.0 
- 0.3 
0.4 
0.1 
m 
D 
-400 
- 60 
- 2 
7 
10 
~,= 1.0 
Xs(Y) x s" (Y) 
y= 0.2 y= 1.0 
500 
-100 
- 80 
- 6 
30 
110 
410 
X= 2.0 
Xs(Y) x s" (y) 
y=0.05 y=0.4 
-1 
-0.5 
-0.2 
-4.0 
110 
-200 
- 80 
10 
-0.05 
-0.2 
--. 0.1 
1.0 
- 10 
-170 
170 
20 
7 
10 
-60 
table 8. Error estimates in units of 10 -3 of the residues 7 = __1 and 7" = __3 of the singu- 
2 2 
larities Xs(y), x s, (y) of function (2a), corresponding to table 7. 
, , ,  ,,, 
-1.0 
-0.8 
-0.6 
-0.4 
-0.2 
0.0 
0.2 
0.4 
0.6 
0.8 
1.0 
k =0.5  
7 7" 
y = 0.7 y = 1.6 
-190 
13 
- 5 
- 3 
2 
-~ 0.2 
0.6 
m 
-590 
-120 
0.8 
11.0 
5.0 
k = 1.0 
7 7" 
y = 0.2 y = 1.0 
-280 
-170 
44 
- 14 1000 
- 8 40 
- 2 -50 
- 4 
- 1 33 
31 40 
200 -~ -70 
X= 2.0 
7 "r 
y = 0.05 y = 0.4 
- 20 
10 
- 5 
- 27  
- 51 
90 
15 
3 
-29 
-60 
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